We study selective upconversion of optical signals according to their detailed transverse electromagnetic modes, and demonstrate its proof of operations in a nonlinear crystal. The mode selectivity is achieved by preparing the pump wave in an optimized spatial profile to drive the upconversion. For signals in the Laguerre-Gaussian modes, we show that a mode can be converted with up to 60 times higher efficiency than an overlapping but orthogonal mode. This nonlinearoptical approach may find applications in compressive imaging, pattern recognition, quantum communications, and others where the existing linear-optical methods are limited. http://dx.doi.org/10.1364/ao.XX.XXXXXX Optical parametric conversion is an instrumental resource in classical and quantum optics [1][2][3][4][5][6]. In one of its latest developments, mode-selective conversion (MSC) has emerged as a versatile tool capable of discriminatively converting overlapping optical signals according to their orthogonal electromagnetic modes for various applications [7][8][9][10][11]. To this end, there have been rapid experimental progresses made in the time-frequency domain using nonlinear waveguides, with MSC demonstrated among picosecond pulses and their superposition states [12][13][14][15][16], and for a single mode over broadband noise [17, 18]. Those results herald some unprecedented applications in quantum communications, quantum computing, quantum LiDAR, remote sensing, and so on.
http://dx.doi.org/10.1364/ao.XX.XXXXXX Optical parametric conversion is an instrumental resource in classical and quantum optics [1] [2] [3] [4] [5] [6] . In one of its latest developments, mode-selective conversion (MSC) has emerged as a versatile tool capable of discriminatively converting overlapping optical signals according to their orthogonal electromagnetic modes for various applications [7] [8] [9] [10] [11] . To this end, there have been rapid experimental progresses made in the time-frequency domain using nonlinear waveguides, with MSC demonstrated among picosecond pulses and their superposition states [12] [13] [14] [15] [16] , and for a single mode over broadband noise [17, 18] . Those results herald some unprecedented applications in quantum communications, quantum computing, quantum LiDAR, remote sensing, and so on.
In this Letter, we extend those exciting studies to the spatial domain, where similar benefits are expected for a wealth of free-space applications. Rather than using the waveguides and time-frequency modes, here we pump a second-order nonlinear crystal with a laser in a tailored transverse mode, thereby achieving selective conversion of signals in overlapping but orthogonal spatial modes with largely differential efficiencies. Our experiment highlights a nonlinear-optical approach to generation, manipulation, and detection of higher-order spatial modes and structured optical images, with potential applications in photonefficient quantum communications, object rectification, compressive sensing, pattern recognition, etc. [19] [20] [21] [22] [23] [24] [25] [26] . Comparing with their linear-optical counterparts, this and other nonlinearoptics techniques could offer practical advantages [27] [28] [29] [30] , such as those demonstrated in spiral phase contrast imaging of the edges [31] and the enhancement of the field-of-view [32] . In particular, the recent studies of MSC in multimode waveguides direct to high-speed quantum communications over few-mode optical fibers [33, 34] .
Our spatial MSC is implemented through sum-frequency (SF) generation in a periodic-poled lithium niobate (PPLN) crystal. The mode selectivity is realized by preparing the pump in an optimized spatial mode via adaptive feedback control. The pump and signal modes are each prepared by using spatial light modulators (SLMs). Specifically, we consider the signal in the Laguerre-Gaussian (LG) modes with helical wavefronts, which are written in the cylindrical coordinates as
Here, {L |l| p } are the generalized Laguerre polynomials with the azimuthal mode index l and the radial index p,
is a normalization constant, w(z) =w 0 1 + (z/z R ) 2 is the beam radius at z, w 0 is the beam waist, z R = πw 2 0 /λ is the Rayleigh range, R(z) = z (1 + (z R /z) 2 ) is the radius of curvature of the beam, κ = 2πn/λ is the wave number, and ζ(z) is the Gouy phase at z. Here, we demonstrate the MSC of the LG modes that are actively deployed for classical and quantum communications. The technique itself, however, is applicable to other mode basis, including Hermite-Gauss (HG) modes.
At present, we focus on the SF generation in the nondiffraction regime, where the diffraction of the interacting waves through the crystal is not significant (diffraction would be exploited in the future studies to achieve better performance, similar to our previous studies in the time-frequency domain [17] ). In this case, the SF generation is described under the slowlyvarying-envelope approximation as:
arXiv:1810.07552v2 [physics.optics] 5 Dec 2018 where ∆κ = κ s + κ p − κ f − 2π/Λ is the momentum mismatching and Λ is the poling period of the nonlinear crystal. The subscript j = s, p, f denotes the signal, pump, and SF light, respectively. The refractive index for the signal, pump, and SF lights are n p , n s , and n f , respectively. ψ p is a constant in the nondepletion pump approximation, which is the case in this study.
Under the quasi-phase matching (QPM) condition (∆κ ≈ 0), the generated SF light is simply
where
and c is the speed of light in vacuum. This equation is an analytic result for any point (x, y) in the transverse plane of the light waves, which is valid in the current parameter regime without strong diffraction. The mode conversion can then be calculated via integration over the (x, y) plane.
In Figure 1 (a), we measure the QPM curve for the PPLN crystal by scanning a continuous-wave laser and measuring the generated second harmonic (SH) power, and fit it with sinc 2 phase matching function. This result guides us to select the wavelength of the signal and pump beams for SF generation while ensures the minimum production of the second harmonic generation. Figure 1(b) gives the schematic of the experimental setup. Two lasers (LaserBlade, Coherent Solutions) generate continuous-wave lightwaves, each at 1558 nm and 1545 nm, with ≤ 100 kHz linewidth. The wavelength difference is about 13 nm, so their group velocities are approximately equal in the crystal. These two beams pass through two electro-optic modulators to create two pulse trains, each with 200-ps full width at half maximum (FWHM) and a 10-MHz repetition rate. The resulting pulses are synchronized with a common radio-frequency reference source. To obtain high peak power, the resulting pulses are then amplified using two Erbium-Doped Fiber Amplifiers (EDFAs). The pump's average power is 40 mW and peak power is 21 W. The signal's average power is 35 mW and peak power is 18 W. After passing through beam expanders, the signal and pump (beam FWHM: 2.6 mm and 2.8 mm, respectively) are then guided through free space to incident on 1.5 cm×1.1 cm SLMs (Santec SLM-100) [35] . The angle of incidence for the pump and signal beams onto the SLMs are about 50 • and 55 • , respectively. The SLMs are used to create the desired spatial modes using numerically generated phase mask by discretizing the phase of the LG p l mode in the Fourier domain over a 1 cm × 1 cm area (smaller than the SLM screen) with 10.4-µm pixel pitch, which
(θ is a unit step function) [36] . The two pulse trains are then combined at a beam splitter (BS) and focused (focus length, f=200 mm) inside a temperaturestabilized PPLN crystal, quasi phase matched, with a poling period of 19.36 µm (5 mol.% MgO doped PPLN, 3 mm width, 2 mm length, and 1 mm height) for frequency conversion to produce the SF light at 775.75 nm. The light, which is polarized vertically along the y-axis (parallel to the crystal's optical axis), propagates through the crystal along the z-direction. The beam waist of the Gaussian signal and Gaussian pump inside the crystal are 45 µm and 41 µm, respectively. The output pulses are then filtered with 2 short-pass filters to select the SF and remove any residual light [17, 37] . The other arm of the BS is used to monitor the spatial mode of the pump and signal beams using a near-infrared camera (FIND-R-SCOPE Model No. 85700) with a 17.6 µm pixel resolution. The same arm is also used to temporally align the two pulses and monitor intensity fluctuation on an oscilloscope (HP 54750A). The SF light is captured after a lens imaging system using a CCD camera (Canon Rebel T5) with a sensor size of 22.3 mm × 14.9 mm and a pixel pitch of 4.3 µm. The depth of focus is 5 mm with an Airy disk diameter of 7 µm (1.22 λ f N , where f N is the f-number of a lens).
Restricted by the available laser power and a small length of the crystal (2 mm), the present measurements are in the low conversion regime. Therefore, rather than using the absolute conversion efficiency, we define η as the relative conversion efficiency, which is the efficiency relative to that of a Gaussian pump with a Gaussian signal of the same beam waist and same total pulse energy. Then, the conversion extinction between two signal modes, ξ, is defined as the ratio of their conversion efficiencies by the same pump. In Fig. 2 (a) and (b) , we show the experimental and numerical results of the SF spatial profiles created by different combinations of LG p l modes for the signal and pump, respectively, with η for each combination. These results show some clear dependence of the conversion on the pump and signal modes. However, there is no appreciable extinction as the pump modes have yet to be optimized. For example, only a modest selectivity of 5 dB is achieved between two signal modes LG 0 1 and LG 0 0 with the same pump mode LG 0 0 . To achieve high selectivity, we use a particle swarm optimization (PSO) algorithm to numerically optimize the pump spatial modes for targeted signal modes [38] . In this method, a particle corresponds to a set of weighted phase masks for LG modes, whose superposition produces the pump profile after the Fourier lens. The personal and global bests correspond to the highest selectivities achieved by each individual particle and by all particles, respectively [39, 40] . The optimum phase mask for pump mode is obtained after reaching a desirable selectivity as shown in Table 1 (a). We also compare the analytic results obtained under the undepleted pump approximation and exact numeric results taking into count the pump depletion and found good agreement.
In experiment, we apply the numerically optimized phase masks to create the pump mode. However, due to the phase errors in the SLM and the imperfect alignment of the Gaussian beam with respect to the phase mask, the attained selectivity is reduced. To account for such imperfections, we utilize adaptive feedback control in the experiment [41] , where two SLMs (SLM-1 and SLM-2) and a power-meter (Thorlabs PM-100D with sensor S130C) are automated through a computer using a MATLAB interface. A Flow chart of the adaptive feedback control algorithm is shown in Fig. 3 . The phase masks are loaded onto the SLM-1 and SLM-2 for the signal and pump, respectively. In this feedback control process, we adaptively manipulate phase mask for the SLM-2 to optimize the selectivity between the two signal modes. Fig. 3 . Flow chart of the adaptive feedback control algorithm. S 1 and S 2 are the phase masks for the signal modes, P 1 is the optimized phase mask for the pump mode. The phase masks are generated using 10-bit encoding format in RGB color for Sentec-SLM.
Step 1: Generate initial phase masks for SLM-1 and SLM-2.
Step 2: Measure the up-converted power of two or more target modes applied on the SLM-1 with the same superposed modes on SLM-2.
Step 3: Compute the extinction ratio, r, between the generated modes.
Step 4: Check if the optimization criteria, r ≥ r target , is met.
Step 5: If r < r target , generate the new superposition coefficients for the mode basis and update the phase mask for SLM-2.
Step 6: Repeat Steps 2-5 until r ≥ r target .
Step 7: Collect the optimum selectivity between the desired modes.
Step 8: Update the target phase mask on SLM-1 and repeat Steps 1-7. Table 1 shows the (a) simulation and (b) experimental results for the optimized MSC by tailoring the phase masks for the pump. Our goal is to selectively up-convert one particular signal mode against other overlapping signal modes, or vice versa. To quantify the performance, ξ is the ratio of the conversion efficiencies for the target mode against the undesirable mode. We consider three examples here. In the first case, the Pump P + 00 is designed to convert the LG 0 0 mode while simultaneously suppressing LG 0 1 , LG 0 2 , and LG 0 3 modes, respectively. The simulation achieves an extinction of 6.5 dB, 13.1 dB, and 20.9 dB for each, while the experimental results are 5.9 dB, 12.1 dB, and 18.1 dB. The second case is the exact opposite, where Pump P − 00 is designed to suppress LG 0 0 , but convert LG 0 1 , LG 0 2 , and LG 0 3 . The numerically maximized extinctions are 16.5 dB, 20.4 dB, and 21.7 dB for each, while the experimental results are 11.8 dB, 14.8 dB, and 15.6 dB, respectively. In the last example, Pump P + 01 is optimized to convert LG 0 1 against LG 0 2 , LG 0 3 , and LG 0 4 , respectively. The simulation gives 6.6 dB, 14.5 dB, and 22.4 dB extinction for each, while the experiment produces 5.6 dB, 11.5 dB, and 15.2 dB. From the table, the experimental measurements are in good agreement with the numerical simulations without using any fitting parameter, which validates our approach. In the future, we will extend this method to the high conversion regime, where higher selectivities are expected, as evident in the time-frequency domain [17] .
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LG 0 4   Table 1 . (a) Simulation and (b) experimental results for the spatial MSC using pump modes in optimized superpositions of LG modes.
In summary, we have demonstrated the selective upconversion of overlapping spatial modes in a nonlinear crystal by optimizing the pump profiles. Our experimental results, which achieve conversion extinction up to 18 dB, are in good agreement with the numerical simulation without the use of any fitting parameters. The next step will be to extend this technique to the high conversion regime with strong diffraction, where even better performance is expected. The nonlinear optics based approach may find novel applications such as improving the signal-to-noise ratio to recognize an image pattern [19, 20] , spatial mode de-multiplexing of higher-order modes for classical and quantum communications [33, 34] , and mode-selective Li-DAR [18] .
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